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Abstract

We present an agent-based display of extensive games inspired by concepts in process
theory and process algebra. In games with lots of agents, it is a good strategy to
explain the behavior of each agent individually by an adequate process (called process-
game), and then obtain the whole of the game through parallel composition of these
process-games.
We propose a method based on agent-based display (introduced in this paper) to find the
Nash equilibrium of extensive games in linear space complexity by deploying a revision
of depth first search.
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1 Introduction

The word processes refers to behavior of a system (a game, a protocol, a machine, a software,
and so on). The behavior of a system is the total of actions performed in the system and the
order of their executions. The process theory [8] makes it possible to model the behavior
of a system with enormous complexity through modeling the behavior of its components.
Then using the process algebra [3] [9] [5] [7] [1] [15], we can code the process theory terms
and definitions and take the advantage of the algebra such as automating calculations and
running algorithms using parallel computing techniques. The process algebra has vast
variety of applications in diverse fields such as performance evaluation [6], safety critical
systems [13], network protocols [2] and biology [14]. A game is also a system and the
behavior of a game is acquired by the behavior of all of its players, so to model extensive
games with lots of players, we modify the process theory in a suitable manner to provide
a framework that involves both process theory and game theory notions, which is called
”process-game”.
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Process-game has both of game theory and process theory advantages and facilitates
to model complex system with pay off function for each agent in that system. Based on
process-game framework, we propose a method to find the path equilibrium of extensive
games in linear space complexity by deploying a revision of depth first search.

We compare our work with relative available algorithms for finding extensive games
Nash equilibrium appeared in the literature such as backward induction, using strategic
form, and using sequence form.

2 Extensive Games

2.1 Preliminaries

In this part we briefly review definitions and concepts of extensive games with perfect
information appeared in the literature (see [12], Page 89).

Definition 2.1 (Extensive game with perfect information) An extensive game with perfect
information is defined by a four-tuple < N,H,P,Π > which has the following properties:

• A set N of players

• A set H of sequences (finite or infinite)that satisfies the following three properties:

– The empty sequence ∅(the empty history representing the start of the game) is a
member of H.

– If (ak)k=1,...,K ∈ H (where K may be infinite) and positive integer L < K then
(ak)k=1,...,L ∈ H.

– If an infinite sequence (ak)k=1,...,∞ satisfies (ak)k=1,...,L ∈ H for every positive
integer L then (ak)k=1,...,∞ ∈ H.

Each member of H is a history and each terms of a history is an action which is taken
by a player. A history (ak)k=1,...,K ∈ H is terminal if it is infinite or there is no aK+1

such that (ak)k=1,...,K+1 ∈ H. The set of all terminal history denoted by Z.

• A function P (the player function) that assigns to each nonterminal history(each mem-
ber of H\Z)a member of N ,P (h) return the player who takes an action after the
history h(P : H\Z → N).

• A function Π(the payoff function) that assigns to each terminal history(each member
of Z)a member of R|N |(Π : Z → R|N |,Πi(z) is the preference of player i in terminal
history z ∈ Z).

An extensive game with perfect information is finite if and only if the set H of possible
histories is finite. Throughout the literature an extensive game with perfect information
will be referred as an extensive game. To explain more about the function P ,P(h) chooses
an action after any nonterminal history h from the set A(h) = {a : (h, a) ∈ H} where (h, a)
means a history h followed by an action a which is one of the actions available to the player
who moves after h.



Definition 2.2 (Strategy) A strategy of player i ∈ N in an extensive game < N,H,P,Π >
is a function that assigns an action from A(h) to each h ∈ H\Z (nonterminal history) for
which P (h) = i.

The outcome of a strategy s is a terminal history which is constructed by s, and denote
it O(s).

Example 2.3 Suppose 5 rational pirates, A, B, C, D, and E, which they have a strict
order of seniority such as A is superior to B, who is superior to C, who is superior to D,
who is superior to E, find 100 gold coins. They must decide how to distribute coins between
themselves simultaneously. The pirate world’s rules of distribution are that the most senior
pirate should propose a distribution of coins. The pirates, including the proposer, then vote
on whether to accept this distribution. If the proposed allocation is approved by a majority
or a tie vote, it happens. If not, the proposer is thrown overboard from the pirate ship and
dies, and the next most senior pirate makes a new proposal to begin the system again. If
we want to consider this problem as an extensive game with perfect information we can
determine its component like

• N = {A,B,C,D,E} ,

• Possible actions for each player is a member of this set distribute, accept, reject so
Z is a set of sequences which are started by action distribute and five simultaneous
voting(i.e. accept or reject). If the proposed allocation is approved by a majority or a
tie vote current history is terminal and if not that’s continued by a distribute action
and 4 simultaneous voting until remain one player in the ship. For example

– hi = (distribute, [accept, accept, reject, accept, reject]) or

– hj = (distribute, [reject, reject, accept, reject, accept], distribute, [accept, accept, reject, reject]).

Note that distribute action could be all possible distribution of 100 coins between exist
pirate on the ship.

• P (h) for nonterminal histories which are ended by a simultaneous voting of exist
pirates on the ship, would be a pirate by the highest seniority exist on the ship which
will be doing distribute, and for histories which are ended by a distribute would be
exist pirates in simultaneous voting on the ship. For example

– P (distribute, [reject, reject, accept, reject, accept]) = B or

– P (distribute, [reject, reject, accept, reject, accept], distribute) = {B,C,D,E}

• πi for each pirate who is thrown overboard from the pirate ship would be −1 and for
other ones would be accepted distribution in specified terminal history. For example if
in hi, distribute action is (93, 4, 2, 1, 0) , pirate’s payoff will be (93, 4, 2, 1, 0).

Definition 2.4 (Nash equilibrium of extensive game with perfect information)The strategy
profile s∗ in an extensive game with perfect information is a Nash Equilibrium if for each
player i ∈ N we have:

Πi(O(s∗)) ≥ Πi(O(si, s
∗
−i)) for every strategy si of player i.



In the definition of Nash equilibrium is not considered sequential structure of an exten-
sive game and defined like strategic game so it may not be sequentially rational. To refine
the Nash equilibrium definition we define a new notion of subgame perfect equilibrium. At
first start by defining the notion of subgame.

Definition 2.5 (Subgame of extensive game with perfect information) Let Γ =< N,H,P,Π >
be an extensive game with perfect information. The subgame of Γ that follows the history
h ∈ H\Z(a nonterminal history) is the extensive game Γ(h) =< N,H|h, P |h,Π|h > where
all sequences h′ of actions for which (h, h′) ∈ H are in the set H|h and vice versa,P |h is the
same as function P but its domain come from the set H|h, and for each h′, h′′ ∈ Z|h (The set
Z|h consists of all the terminal histories in the set H|h) is defined that Πi|h(h′) > Πi|h(h′′)
if and only if Πi(h, h

′) > Πi(h, h
′′) (note that (h, h′), (h, h′′) ∈ Z).

In a moment we can define the notion of subgame perfect equilibrium as mentioned
before, using the notion of subgame.

Definition 2.6 (subgame perfect equilibrium of extensive game with perfect information)
The strategy profile s∗ in an extensive game with perfect information is a subgame perfect
equilibrium if for every player i ∈ N and every nonterminal history h ∈ H\Z for which
P (h) = i we have:

Πi|h(Oh(s∗|h)) ≥ Πi|h(Oh(si, s
∗
−i|h)) for every strategy si of player i

in the subgame Γ(h).

Most of the time, an extensive game is shown by a tree and marked the subgame perfect
Nash equilibria (SPNE) of the game on the tree(to be more clear see the example 2.7 and
figure 1).

Example 2.7 Two people (”husband” and ”wife”) are buying items for a dinner party. The
husband buys either fish (F) or meat (M) for the meal; the wife buys either red wine (R)
or white wine (W). Both people prefer red wine with meat and white wine with fish, rather
than either of the opposite combinations. However, the husband prefers meat over fish,
while the wife prefers fish over meat. We can represent these preferences as utility-based
payoffs:

πh(M,R) = 2, πh(F,W ) = 1, πh(F,R) = πh(M,W ) = 0

πw(M,R) = 1, πw(F,W ) = 2, πw(F,R) = πw(M,W ) = 0

Assume that the husband buys the meal and tells his wife what was bought; his wife then
buys some wine.

As in an extensive game without simultaneous moves, a players strategy specifies the action
she chooses for every history after which it is her turn to move. Now to allow simultaneously
moving of the players, need to minor modifying definition 2.2 of a player’s strategy in an
extensive game.



Husband

Wife

M F

R W

Wife

R W

2,1 0,0 0,0 1,2

Figure 1: game of the example 2.7 which is depicted as a tree and shown the SPNEs by fat links

Definition 2.8 A strategy of player i in an extensive game with perfect information and
simultaneous moves is a function that assigns to each history h after which i is a member
of P (h) whose turn it is to move an action in Ai(h) which is the set of actions available to
player i after h.
We define a variant of battle of sexes (BoS) game (example 2.7) as an example of extensive
games with simultaneous moves.

Example 2.9 Assume in example 2.7, the wife decides to hold a dinner party or not. If she
withdraws to hold, the game will be finished and nothing is happened. On the other hand, the
game likes example 2.7 with players move simultaneously instead of moving sequentially. As
shown in the figure 2, simultaneous moving is specified by dashed-line and means the wife’s
acts in that level are related to each other.

Husband

Wife

M F

R W R W

2,1 0,0 0,0 1,2

Wife

H N

0,0

Figure 2: game of the example 2.9 which is depicted as a tree and dashed-line means wife and
husband move simultaneously in that level.

2.2 Algorithms For Finding Subgame Perfect Equilibria In Finite Exten-
sive Games

In 2.1 we see the notion of subgame perfect equilibrium in extensive games. The important
question is ”How to find it?”. In this part we want to discuss around the algorithms for
finding subgame perfect equilibrium in finite extensive games [10].

2.2.1 Backward Induction

Backward induction is a recursive algorithm which this recursion is over the length of
subgames (see section 5.5 in [11]). The algorithm pseudocode is in the Algorithm 1. As



we can see in the Algorithm 1, time complexity of this algorithm would be exponential in
number of players and their actions because we traverse whole of tree of the game. We
need to store whole of the tree to compute the equilibria paths, so space complexity of the
algorithm is exponential, too.

Algorithm 1 Backward Induction

Input: A Finite Extensive Game with Perfect Information
Output: ALL Subgame Perfect Equilibria
1: k ← 1
2: S∗ ←2D Array
3: for j ←each subgame of length 1 do
4: S∗[j][1]← find the set of optimal actions of the player who moves first.
5: end for
6: for k ← 2 to length of longest subgame do
7: for each combination of strategy profiles of one from each set S∗[p][k − 1] do
8: for q ←each subgame of length k do
9: S∗[q][k]← find the set of optimal actions of the player who moves first.

B a set of strategy profile for each subgame of length k
10: end for
11: end for
12: end for
13: return S∗

2.2.2 Using Strategic Form

We can model each finite extensive game as a strategic game. To construct the strategic
game which is known as the strategic form of the extensive game,perform the following:

• Players is the set of players in the extensive game.

• Set of actions for each player is her set of strategies in the extensive game.

• Each player’s payoff to each strategy profile is her payoff which is assigned to the
terminal history generated by actions of the strategy profile in the extensive game.

Now to find Nash equilibrium in extensive games deployed the existing finding Nash equi-
librium algorithm in strategic form but there are two weaknesses in this approach. First, we
can not find subgame perfect equilibrium because of Nash equilibrium is not sequentially
rational(As we said in 2.1) and it is not possible to distinguish which Nash equilibrium is
subgame perfect equilibrium in strategic form. Second, space complexity in the modeling
is exponential in the size of the game tree(In the reduced strategic form space complexity
is exponential too [10]).

2.2.3 Using Sequence Form

A sequence of player i’s actions in the game tree is the sequence of his actions on the unique
path from the root to some node t of the tree, and is denoted σi(t). Player i has perfect



recall if and only if for any nodes s and t in the same information set h,which is one of the
information set of player i, σi(s) = σi(t). Sequences In the sequence form are used instead
of pure strategies and stored a sequence for each player. As we know these sequences can
be mapped to a path in the game tree and number of these path bounded by the number
of node in the tree so number of these path bounded by number of nodes. So the space
complexity would be linear related to the number of nodes in the game tree.
In this form Nash Equilibrium could be calculated by a Linear Programming approach and
by the assumption that all players have perfect recall [10].

2.3 Process Theory

The notion of transition system can be considered to be fundamental notion for the descrip-
tion of process behavior [8]. In this section we state some abstract formal definitions via
transition systems and specify the notion of authentication using these definitions.

Definition 2.10 A transition system T is a quintuple (S,A,→, ↓, s0) where

• S is a set of states,

• A is a set of actions containing an internal action τ ,

• →⊆ S ×A× S is a set of transitions,

• ↓⊆ S is a set of successfully terminating states,

• s0 ∈ S is the initial state.

The set �⊆ S × A∗ × S shows generalized transitions of T . A state s ∈ S is called

reachable state of T if there is σ ∈ A∗ such that s0
σ
� s. The set of all reachable state

of a transition system T is denoted by reach(T ). We define act(T ) = {a ∈ A | ∃s, s′ ∈
reach(T ) (s, a, s′) ∈→}. After this moment we assume every transition system T is con-
nected, i.e., reach(T ) = S, and act(T ) = A. If S and A are finite, T is called a finite
transition system.

For every s ∈ S we define Trace = {σ ∈ A∗ | ∃s′ ∈ S s0
σ
� s′}. If there exists n ∈ N

such that ∀σ ∈ Trace (|σ| ≤ n), where |σ| is the length of the sequence σ, then T is called
a finite-depth transition system. If for every s ∈ S, {(s, a, s′) ∈→| a ∈ A, s′ ∈ S} is finite,
then T is called a finite-branching transition system. By the notation τ , we refer to the
silent action.

Notation 2.11 We refer to (s, a, s′) ∈→ by s
a→ s′.

Proposition 2.12 If T is both a finite-depth and a finite-branching transition system, then
it is a finite transition system.

Proof. It is straight. a

Definition 2.13 Let T = (S,A,→, ↓, s0) be a transition system. Then T is deterministic

if the following condition holds. Whenever s0
σ
� s and s0

σ
� s′, then s = s′.



Definition 2.14 Let A be a set of actions. A communication function on A is a partial
function γ : A × A → A such that for any a, b ∈ A: γ(τ, a) is not defined, and if γ(a, b) is
defined then γ(b, a) is defined and γ(a, b) = γ(b, a). We show the image of γ by Cγ, and
define Hγ = A− Cγ. We assume if γ(a, b) is defined then both a, b ∈ Hγ.

See the beginning part of the section 3, when we use the above definition.

Definition 2.15 (Parallel composition). Let T = (S,A,→, ↓, s0) and T ′ = (S′, A′,→′
, ↓′, s′0) be two transition systems, and γ a communication function on a set of actions that
includes A ∪ A′. The parallel composition of T and T ′ under γ, written T ‖ T ′, is the
transition system (S′′, A′′,→′′, ↓′′, s′′0) where

• S′′ = S × S′,

• A′′ = A ∪A′ ∪ {γ(a, a′) | a ∈ A, a′ ∈ A′}

• →′′ is the smallest subset of S′′ ×A′′ × S′′ such that:

- if s1
a→ s2 and s′ ∈ S′, then (s1, s

′)
a→ ′′(s2, s′),

- if s′1
b→ s′2 and s ∈ S, then (s, s′1)

b→ ′′(s, s′2),

- if s1
a→ s2, s′1

b→ s′2, and γ(a, b) is defined, then (s1, s
′
1)
γ(a,b)→ ′′(s2, s

′
2),

• ↓′′=↓ × ↓′,

• s′′0 = (s0, s
′
0).

Definition 2.16 (Encapsulation). Let T = (S,A,→, ↓, s0) be a transition system. Let
H be a set of actions. The encapsulation of T with respect to H, written δH(T ) is the
transition system (S′, A′,→′, ↓′, s′0) where

• S′ = S, A′ = A, ↓′=↓, s′0 = s0 and

• →′=→ ∩(S × (A−H)× S).

If we assume two processes T1 and T2, and execute them in parallel then for H = A−Cγ ,
the encapsulation of the process T1 ‖ T2 makes the processes to communicate. That is, the
difference between T1 ‖ T2 and δH(T1 ‖ T2) is that in the second process only communication
actions exist.

Definition 2.17 (Abstraction). Let T = (S,A,→, ↓, s0) be a transition system. Let I
be a set of actions. The abstraction of T with respect to I, written τI(T ) is the transition
system (S′, A′,→′, ↓′, s′0) where

• S′ = S, A′ = A, ↓′=↓, s′0 = s0 and

• →′ is the smallest subset of S ×A′ × S such that

- if s1
a→ s2 and a ∈ I, then s1

τ→ ′s2,

- if s1
a→ s2 and a 6∈ I, then s1

a→ ′s2.



Proposition 2.18 If T and T ′ are two transition systems, and T is finite-depth, then
δHγ (T ‖ T ′) is finite-depth.

Proof. It is straight. a

Definition 2.19 Assume two transition systems T = (S,A,→, ↓, s0) and T ′ = (S′, A′,→′
, ↓′, s′0), and for s ∈ S, let l(s) = {(s, a, t) ∈→| a ∈ A, t ∈ S}, and for every s′ ∈ S′, l′(s′) =
{(s′, b, t′) ∈→′| b ∈ A′, t′ ∈ S′}. We say T, T ′ are communication finite-branching with

respect to communication function γ, if for any (s, s′) ∈ S×S′ the set {((s a→ t), (s′
b→ ′t)) ∈

l(s)× l(s′) | γ(a, b) is defined} is finite.

Proposition 2.20 If two transition systems T = (S,A,→, ↓, s0) and T ′ = (S′, A′,→′, ↓′
, s′0) are communication finite-branching with respect to a communication function γ, then
δHγ (T ‖ T ′) is finite-branching.

Proof. It is straight. a

3 The Processes of Games

In this section we explain a new approach to model an extensive game with perfect infor-
mation to receive value added from extending process theory such as coding a game using
process algebra and solving large game trees via available tools for process algebra such as
µCRL [4].
At first to analysis a game, we need to illustrate the game tree. If the number of agents
is too large then we may need to use a machinery to illustrate the game tree. We propose
a machinery for this aim and call it process-game. The process game is a combination of
process theory and game theory to solve games with large number of agents. We model
the operation of each agent using a process-game. Then, run all of these process-games in
parallel to obtain the game tree.

Definition 3.1 Let A be a set of actions. The language L(A), is the smallest superset of
A∗ such that

ρ, σ ∈ L(A)⇒ ¬ρ, (ρ ∨ σ),mid(σ), pre(σ), pos(σ) ∈ L(A).

Let T = (S,A,→, ↓, s0) be a transition system. For s ∈ S, the history of s, denoted by h(s),

is the trace σ ∈ A∗ such that s0
σ
� s. For a state (T, s) and a formula σ ∈ L(A), we define

the satisfaction (T, s) |= σ, as follows:

for σ ∈ A∗, (T, s) |= σ iff h(s) = σ,

(T, s) |= pre(σ) iff ∃ρ ∈ A∗(h(s) = σρ),

(T, s) |= mid(σ) iff ∃ρ, ς ∈ A∗(h(s) = ςσρ),

(T, s) |= pos(σ) iff ∃ρ ∈ A∗(h(s) = ρσ),



M F

(a) husband process

[M]R

[M]W [F]R

[F]W

(b) wife process

Figure 3: processes of example 3.4 which are ran in parallel and process algebraic form of
the tree of the game is M.(R+W ) + F.(R+W ) which is shown in the figure 1.

(T, s) |= (ρ ∨ σ) iff (T, s) |= ρ or (T, s) |= σ,

(T, s) |= ¬ρ iff (T, s) 6|= ρ,

Definition 3.2 Let A and B be two sets of actions. The set of conditional actions over A
with conditions in B, denoted by Acon(B) is defined as follows:

for each a ∈ A, and σ ∈ L(B), [σ]a is a conditional actions, i.e., [σ]a ∈ Acon(B).

There is an injective mapping form A to Acon(B) which map each a ∈ A to [>]a ∈ Acon(B).

Definition 3.3 (Encapsulation of conditional actions). Let A and B be two sets
of actions and T = (S,Acon(B),→, ↓, s0) be a transition system over conditional actions
Acon(B). The encapsulation of conditional actions of T , written δc(T ), is the transition
system (S′, A′,→′, ↓′, s′0) where

• S′ = S, A′ = A, ↓′=↓, s′0 = s0 and

• for s, t ∈ S′ and a ∈ A, s
a→ ′t iff for some σ ∈ L(B), s

[σ]a→ t and (T, s) |= σ.

Now we give an example to clear above definitions.

Example 3.4 Consider the example 2.7. We may consider two process one for the husband
and one for the wife

husband := M + F (Figure 3a), and

wife := [M ]R+ [M ]W + [F ]R+ [F ]W (Figure 3b).

Finally, the transition system of the process δc(husband ‖ wife) is exactly the tree of the
game.

Using the following definitions, we present definition of the process-game.

Notation 3.5 Let A1 and A2 be two disjoint sets. For (a, b) ∈ (A1 ∪ 2A1)× (A2 ∪ 2A2), we
define a∪̇b :=

{a} ∪ {b} if (a, b) ∈ A1 ×A2,



{a} ∪ b if (a, b) ∈ A1 × 2A2,

{b} ∪ a if (a, b) ∈ 2A1 ×A2,

a ∪ b if (a, b) ∈ 2A1 × 2A2.

Using the above notation, we modify definition 2.14 over n disjoint sets of actions in the
following.

Definition 3.6 Let A1, A2, . . . , An be n disjoint sets of actions. γ : (A1 ∪ 2A1) × (A2 ∪
2A2) × · · · × (An ∪ 2An) → 2A1∪A2∪···∪An is a communication function which is defined for
(a1, a2, . . . , an) ∈ (A1 ∪ 2A1)× (A2 ∪ 2A2)× · · · × (An ∪ 2An) likes

γ(a1, a2, . . . , an) := a1∪̇a2∪̇ · · · ∪̇an.

We may extend γ to the set of conditional actions such as the following.

Definition 3.7 Let A1, A2, B be three disjoint sets of actions. γ is a communication func-
tion over conditional actions A1

con(B) and A2
con(B) for ([σ]a, [σ]b) ∈ A1

con(B) ×A2
con(B) which

is defined as follows:

γ([σ]a, [ρ]b) := [σ ∧ ρ]γ(a, b).

This communication function helps to model simultaneous players’s moving (See the exam-
ple 2.9).

Example 3.8 The process of each player in example 2.9 likes below:

wife := (H +N).(R+W ),

husband := [H]M + [H]F .

and γ is defined over Aw = {R,W}, Ahcon(B) = {[H]M, [H]F}, and B = {H}. γ([H]M,R),

for instance, is equal to [H]{M,R}. The transition system of the process over γ commu-
nication function is δc(wife ‖ husband) which is exactly the tree of the game. The tree is
shown in figure 4 which is equivalent to the figure 2.

Husband, Wife

2,1 0,0 0,0 1,2

Wife

H N

0,0

{M,R} {M,W} {F,R} {F,W}

Figure 4: This figure shows simultaneous moving of wife and husband in the second level of the
game and equivalent to the figure 2.



Definition 3.9 Let T = (S,A,→, ↓, s0). The transition system δ∪(T ) is a transition sys-
tems obtained of T by cutting some of its transitions in the following way:

s
a→ t and b  a then s 6 b→

Given Γ =< N,H,P,Π > which is an extensive game with perfect information. Now we
model it using process theory to process-game through mapping each player(in N) decision
point(which is defined by P ) to a state,each player actions to possible actions of the state
which can be done(using H),each terminal state to a member of ↓ and pay off function(P )
to profit value for each member of ↓.

Definition 3.10 (process-game) Let Γ =< N,H,P,Π > be an extensive game with per-
fect information. A process-game model for Γ is a tuple P = 〈(Ti)i∈N , (πi)i∈N , γ〉 where
each Ti = (Si, Aicon(B),→i, ↓i, si0) is a transition systems, each πi : A? → R is a profit func-
tion, and γ is a communication function over A1, A2, . . . , An which are conditioned by B
(A1

con(B), . . . , A
n
con(B)) such as defined in definitions 3.6 and 3.7 that

1. if i 6= j then Ai ∩Aj = ∅,

2. B = (
⋃
i∈N Ai) ∪A1 ×A2...×An.

and the game Γ is mapped to process-game p such that

• Si is a set of states that represents a decision point of a player i ∈ N which is defined
by P for each node on game tree,

• Ai is a set of actions containing an internal action τ that represents possible actions
of player i,

• →i⊆ Si × Aicon(B) × Si is a set of transitions that represents what happened when a

player choose one of his actions to do(using P ),

• ↓i⊆ Si is a set of successfully terminating states that represents terminal states on
game tree which can be defined by terminal histories(O(s)),

• πi : A? → R is a pay off function that represents pay off(Π) for each action of the
player i in each subgame which is started by i.

• si0 ∈ S is set of initial states which player i can choose an action in that state to start
his game.

• γ is communication function which is constructed using H and P and would be empty
if there is not any simultaneous moving in Γ.

Now we can construct the process tree of the game using δ∪(δc(T1 ‖ T2 ‖ ... ‖ Tn)).
In the above definition, because of simplicity, we suppose that a player act once in a game
and marked the player by turning act from 1 to n. So it can be expanded to multi act by
a player easily (we may consider a player to a new player for each act in a different level of
the game by the same payoff function).
Though the definition of the process-game has been explained completely, Now we need an



algorithm as a pre-process to find equilibria paths, which are a sequence of actions from
s10 (suppose player 1 start the game totally) to ↓n (suppose last action is for player n), to
rational decisions. Algorithm 2 illustrates the pre-process with assumption that just there
exists one equilibria path for each subprocess(like subgame) without loss of generality.

Algorithm 2 Depth-First Finding Equilibria

Input: A Process-Game P = 〈(Ti)i∈P , (πi)i∈P , γ〉
Output: Equilibria path Λ
1: for sij ← each state visited in depth-first expansion of P from s10 using communication

function γ and Aicon(B) do

2: if sij ∈↓n then

3: mark sij as a visited state

4: ratPath[sij ]← ∅
5: else
6: if ∀s′, a : (sij , a, s

′) ∈→i ,s′ is visited then

7: arg maxa πi(a.ratPath[s′]) B sij
a→ s′ ∈→i

B choose a possible action a ∈ Aicon(B) from state sij ∈ Si which maximizes profit

of player i in the state sij
8: ratPath[sij ]← a.ratPath[s′]

B the assumption is just one equilibria path exists for each subprocess
9: delete the ratPath for all s′.

B by deleting ratPath for s′ the space complexity will remain linear and ratPath
propagated toward s10 states.

10: end if
11: end if
12: end for
13: return ratPath[s10]

At line 1 in the above algorithm, expansion is taken place by conditional actions and com-
munication function γ if there is any simultaneous moving. As in the algorithm 2 payoff
value for each player calculated bottom-up, it is sufficient to save players’s payoff in the
subprocess equilibria at each level. So we delete all process nodes which are expanded in
that subprocess previously at line 9 in the algorithm 2. At the following comes an example
to model the game at the example 2.3 using process-game.

Example 3.11 Consider the example 2.3. We intend to model the pirate game using the
process-game. As we know, there is a strategic form voting (simultaneously) after each
distribution of the coins by a pirate. The result of this voting depends on vote of the players
which are on the board (remember after each rejecting, the proposer of that distribution is
thrown overboard and die). To eliminate the step of voting (which is caused there is no
simultaneous moving and output of γ is empty for each input), we can keep players’s payoff
with out changing after accepting the propose of the current superior to distribution of the
coins, Although the pirates keep going. So, we modify the game using the payoff function.
Now, it is simple to model the pirate game with the modified payoff function by considering
a process for each pirate such as



A := (100, 0, 0, 0, 0) + (99, 1, 0, 0, 0) + · · · = ∑
i+j+k+l+m=100

i,j,k,l,m∈N

(i, j, k, l,m)

B := (100, 0, 0, 0) + (99, 1, 0, 0) + · · · = ∑
i+j+k+l=100
i,j,k,l∈N

(i, j, k, l)

C := (100, 0, 0) + (99, 1, 0) + · · · = ∑
i+j+k=100
i,j,k∈N

(i, j, k)

D := (100, 0) + (99, 1) + · · · = ∑
i+j=100
i,j∈N

(i, j)

each (i, j, k, l,m) is a distribution of the coins which is proposed by a pirate and is not payoff
of the pirates. Pirate E is not above because he distribute the coins in no situation (rule of
the game).
As you can see, the process of each player, which is defined, is the player’s actions and not
conditional. Because the input would be exponential in size of players’s actions. We can
construct the conditional processes after getting the players’s actions as an input and when
they are needed. The conditional process for B is B′ and the same for the other players.
For example, B′ = [(100, 0, 0, 0, 0)](100, 0, 0, 0) + [(100, 0, 0, 0, 0)](99, 1, 0, 0) + · · · = [A]B
and C ′ will be C which is conditioned on B and so on. The process tree of the game can be
constructed by δ∪(δc(A ‖ B′ ‖ C ′ ‖ D′)).
Also, we can change communication function γ to keep the voting steps and entering them
in the model (like example 2.9) instead of eliminating them by the way.
As we mentioned before, Payoff function for each pirate who was thrown overboard would be
-1 and payoff the pirates does not change after an accepting the distribution by the majority.
Now to find Nash equilibria, we run the pre-process algorithm on the process-game.

To compare the modeling of the pirate game in above example by example 2.3, creating tree
of the game is a critical issue. In above example, whole of the game is defined by transition
system of a player and tree of the game is not used in the definition so we do not need to
construct the tree to define the game and constructing the tree is done by δ function. In
contrast, in example 2.3, the game is defined base on the node of the tree and it implies
that constructing the tree of the game is necessary to define the game, so definition of the
game will take exponential space complexity.

3.1 Complexity

Time complexity of Algorithm 2 in worst case would be in NP-Complete complexity class,
likes Backward induction [10] (Because we want to find pure Nash equilibria). And about
its space complexity we can say linear on size of the game which is given as an input i.e.,
linear on depth of the process-game, maximum number of actions which are possible to do
by a player, space of payoff function, and constant simultaneous moving. The last one is
necessary because if the number of simultaneous moving grows, the extensive game will be
translating to the pure strategic form which its space complexity is exponential.
The algorithm is like a depth-first search and the space complexity of depth-first search is
O(bd) which here d is depth of the tree and b is branching factor that is maximum number



of actions which a player can do. However, there is a bottleneck which is returned to the
size of the payoff function. If it has exponential size, as space complexity linear to the size
of payoff function too, it will be exponential too. So, the algorithm will be better than
backward induction or using strategic form algorithms in space complexity, if the size of
payoff function is linear or polynomial and if there are any simultaneous movings, their
number is constant.

3.2 Using Process-Game Vs. Other Algorithms

We introduced some representation model for extensive games and some method to find-
ing Nash equilibria on them in section 2.1. We can see a comparison on time and space
complexity of them in figure 5 (it depends on that the size of payoff function is linear or
polynomial).

Using Sequence Form

Backward Induction

Using Strategic Form

Using Process-Game

NP-Complete

Exponential

Linear

Space

Time

Figure 5: This figure shows time and space complexity of the representation models and algorithms
to finding pure Nash equilibria path in an extensive game. Space complexity is on the number of
players, their actions, and profits which it is exponential for backward induction and using strategic
form algorithm and linear for using sequential form and using process-game algorithm.

3.3 Advantages

Most prominent advantage of our model and algorithm over the other is it can be defined
in terms of process algebra. So, it can be run using process theory in parallel mode. Also,
space complexity of the algorithm is linear on size of the game.
Our model can be applicable in management of complex systems, but how? Each process
has its own profit and each profit is a function of some inputs. Suppose the process game
is defined and for some initial values the pre-process algorithm ran and got some equilibria
path as a result. But for a manager it would be critical to control the path as he want to
be. Therefore he can try changing the inputs so the profits will be changed then getting
some new path equilibria and doing that up to getting the best one.

4 Conclusions And Future Works

We introduce a new model to explain an extensive game and eventually finding the Nash
equilibria path of the game. The model defined in algebraic terms and can be ran in parallel



mode.
As we mentioned before, one of the application of our model can be in management of
complex systems. But, we do not precise our idea and analyze its constraint in time and
space complexity. So, the next step of the work may be application of this model and
algorithm.
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